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LARSON—MATH 756—HOMEWORK WORKSHEET 12
Knuth’s Sandwich Theorem paper

We will show that ¥ (P3) < 05(Ps) for the path graph P;.

1.

10.

11.
12.

13.

We'll guess that 9(P;) = 2. Find a feasible matrix A for P3 with largest eigenvalue
2. Explain why this shows J,(P3) < 2.

. Find all the eigenvalues \{, Ao, A3 of your A and corresponding normalized eigenvectors

for P3.

Use these to write A = QDQT, for an orthogonal matrix ) and diagonal matrix D.

. Let X be the largest eigenvalue of A. Find B = Al — A.

Check that the eigenvectors of A are also eigenvectors of B and that the eigenvalues
of Bare A — A, A — Xy, A — A3,

Let X = diag(v/A — A, VA — Ao, VA — 23)QT. Check that B = X7X.

Let the columns of X be &1, 22, 3. Check that B; ; = &; - &; for each 1, j.
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. Let a; = 1 |:A:| . Find ai, g, as.

Check that the a vectors are an orthonormal representation for Ps.
Check that max,ey(py) ﬁ =2.

Explain why 9(; P3) < 2.

EXplain Why 191 (Pg) S 192<P3)

Write up a nice, clean proof that ¥, (G) < ¥5(G) for any graph G. Be verbose.



