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Matrix-vector product

I matrix-vector product of m ⇥ n matrix A, n-vector x, denoted y = Ax,
with

yi = Ai1x1 + · · · + Ainxn, i = 1, . . . ,m

I for example, 
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Row interpretation

I y = Ax can be expressed as

yi = bT
i x, i = 1, . . . ,m

where bT
1 , . . . , bT

m are rows of A

I so y = Ax is a ‘batch’ inner product of all rows of A with x

I example: A1 is vector of row sums of matrix A
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Column interpretation

I y = Ax can be expressed as

y = x1a1 + x2a2 + · · · + xnan

where a1, . . . , an are columns of A

I so y = Ax is linear combination of columns of A, with coefficients
x1, . . . , xn

I important example: Aej = aj

I columns of A are linearly independent if Ax = 0 implies x = 0
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General examples

I 0x = 0, i.e., multiplying by zero matrix gives zero
I Ix = x, i.e., multiplying by identity matrix does nothing
I inner product aTb is matrix-vector product of 1 ⇥ n matrix aT and

n-vector b

I x̃ = Ax is de-meaned version of x, with

A =

266666664

1 � 1/n �1/n · · · �1/n
�1/n 1 � 1/n · · · �1/n
...

. . .
...

�1/n �1/n · · · 1 � 1/n
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Difference matrix
I (n � 1) ⇥ n difference matrix is

D =

26666666666664

�1 1 0 · · · 0 0 0
0 �1 1 · · · 0 0 0

. . .
. . .
. . .

. . .
0 0 0 · · · �1 1 0
0 0 0 · · · 0 �1 1

37777777777775
y = Dx is (n � 1)-vector of differences of consecutive entries of x:

Dx =

266666664

x2 � x1
x3 � x2

...
xn � xn�1

377777775
I Dirichlet energy: kDxk2 is measure of wiggliness for x a time series
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Feature matrix – weight vector

I X = [x1 · · · xN ] is n ⇥ N feature matrix
I column xj is feature n-vector for object or example j

I Xij is value of feature i for example j

I n-vector w is weight vector
I s = XTw is vector of scores for each example; sj = xT

j w
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Geometric transformations

I many geometric transformations and mappings of 2-D and 3-D vectors
can be represented via matrix multiplication y = Ax

I for example, rotation by \:

y =


cos \ � sin \
sin \ cos \

�
x x

Ax

\

(to get the entries, look at Ae1 and Ae2)
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