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Matrices

> a matrix is a rectangular array of numbers, e.g.,

0 I =23 0.1
1.3 4 -01 0
4.1 -1 0 1.7

> its size is given by (row dimension) X (column dimension)
e.g., matrix above is 3 X 4

> elements also called entries or coefficients

> B is i,j element of matrix B

» i is the row index, j is the column index; indexes start at 1

> two matrices are equal (denoted with =) if they are the same size and

corresponding entries are equal
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an m X n matrix A is

> tallif m > n
> wideif m <n

> squareif m=n
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Column and row vectors

» we consider an n X 1 matrix to be an n-vector

» we consider a 1 X 1 matrix to be a number

» a 1 X n matrix is called a row vector, e.g.,

[1.2 -03 1.4 2.6]

which is not the same as the (column) vector
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Columns and rows of a matrix

> suppose A is an m X n matrix with entries A;; fori=1,...,m,
j=1,...,n

> its jth column is (the m-vector)

Ayj
Apj
> its ith row is (the n-row-vector)
| An -+ A |
> slice of matrix: Ap.g s is the (g—p+1) X (s —r+ 1) matrix
Apr Ap,r+1 Tt Aps
Ap+1,r Ap+1,r+1 T Ap+1,s
Ap:q,r:s = . .
Aqr Aq,r+1 T Aqs
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Block matrices

» we can form block matrices, whose entries are matrices, such as

o

where B, C, D, and E are matrices (called submatrices or blocks of A)

> matrices in each block row must have same height (row dimension)

> matrices in each block column must have same width (column
dimension)

> example: if

B=[0 2 3], cCc=|-1], D:H i ;] E=

then
B C 0O 2 3 -1
DE:2214
1 3 5 4
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Column and row representation of matrix

» A is an m X n matrix

> can express as block matrix with its (m-vector) columns ay,...,a,
Az[al a -+ a ]

> or as block matrix with its (n-row-vector) rows by, ..., b,
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Examples

> image: Xj; is i,j pixel value in a monochrome image
> rainfall data: A;; is rainfall at location i on day j
> multiple asset returns: R;; is return of asset j in period i

> contingency table: A;; is number of objects with first attribute i and
second attribute j

> feature matrix: Xj; is value of feature i for entity j

in each of these, what do the rows and columns mean?
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Graph or relation

> a relation is a set of pairs of objects, labeled 1,...,n, such as
R={(1,2), (1,3), (2,1), (2,4), (3,4), (4, 1)}

> same as directed graph

1 >( 4

> can be represented as n X n matrix with A;; = 1 if (i,j) € R

(01 1 0]
100 1
4=10 0 0 1
1 00 0|
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Special matrices

> m X n zero matrix has all entries zero, written as 0,,x, or just 0

> identity matrix is square matrix with [;; =1 and I;; =0 for i # j, e.g.,

[0 7]

» sparse matrix: most entries are zero

oS = O O
— o O O

0
1
0
0

S oo

— examples: 0 and [
— can be stored and manipulated efficiently
— nnz(A) is number of nonzero entries
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Diagonal and triangular matrices

> diagonal matrix: square matrix with A;; =0 when i #j

» diag(ay,...,a,) denotes the diagonal matrix with A;; = a; for

i=1,...,n
> example:
02 0 0
diag(0.2,-3,1.2) = 0 -3 0
0O 0 1.2

> lower triangular matrix: A;; =0 for i <j
> upper triangular matrix: A;; =0 for i > j

> examples:

1 -1 07 06 o
0 1.2 —1.1 | (upper triangular), [ _0'3 35 ] (lower triangular)
0 0 32 ' .
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Transpose

> the transpose of an m X n matrix A is denoted AT, and defined by
(AT)ij:Aji, izl,...,n, jzl,...,m

> for example,
T

3_073
o N IO

> transpose converts column to row vectors (and vice versa)

w3 O

> (AT)T:A

Introduction to Applied Linear Algebra Boyd & Vandenberghe 6.12



Addition, subtraction, and scalar multiplication

> (just like vectors) we can add or subtract matrices of the same size:
(A+B)ij:Aij+Bij, izl,...,m, j:1,...,l’l

(subtraction is similar)

> scalar multiplication:
(A)j=aAy, i=1,....m, j=1,...,n
> many obvious properties, e.g.,

A+B=B+A, a@(A +B) = aA + aB, A+B)! =AT + BT
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Matrix norm

» for m X n matrix A, we define

1/2
m n

Al =|> > A;
=1

i=1 j

> agrees with vector norm when n =1

> satisfies norm properties:

Al = la]llA]

1A +B|| < [|A]l + |B]
lAll > 0

|A|l =0 only if A=0

> distance between two matrices: ||A — B]|

> (there are other matrix norms, which we won't use)
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Outline

Matrix-vector multiplication
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Matrix-vector product

> matrix-vector product of m X n matrix A, n-vector x, denoted y = Ax,
with
inAi1X1+-'°+Amxn, i=1,...,m

> for example,
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