
Linear combinations of linearly independent vectors

I suppose x is linear combination of linearly independent vectors
a1, . . . , ak:

x = V1a1 + · · · + Vkak

I the coefficients V1, . . . , Vk are unique, i.e., if

x = W1a1 + · · · + Wkak

then Vi = Wi for i = 1, . . . , k

I this means that (in principle) we can deduce the coefficients from x

I to see why, note that

(V1 � W1)a1 + · · · + (Vk � Wk)ak = 0

and so (by linear independence) V1 � W1 = · · · = Vk � Wk = 0
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Independence-dimension inequality

I a linearly independent set of n-vectors can have at most n elements
I put another way: any set of n + 1 or more n-vectors is linearly

dependent
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Basis

I a set of n linearly independent n-vectors a1, . . . , an is called a basis
I any n-vector b can be expressed as a linear combination of them:

b = V1a1 + · · · + Vnan

for some V1, . . . , Vn

I and these coefficients are unique
I formula above is called expansion of b in the a1, . . . , an basis
I example: e1, . . . , en is a basis, expansion of b is

b = b1e1 + · · · + bnen
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Orthonormal vectors

I set of n-vectors a1, . . . , ak are (mutually) orthogonal if ai ? aj for i < j

I they are normalized if kaik = 1 for i = 1, . . . , k

I they are orthonormal if both hold
I can be expressed using inner products as

aT
i aj =

⇢
1 i = j
0 i < j

I orthonormal sets of vectors are linearly independent
I by independence-dimension inequality, must have k  n

I when k = n, a1, . . . , an are an orthonormal basis
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Examples of orthonormal bases

I standard unit n-vectors e1, . . . , en

I the 3-vectors
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I the 2-vectors shown below
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Orthonormal expansion

I if a1, . . . , an is an orthonormal basis, we have for any n-vector x

x = (aT
1 x)a1 + · · · + (aT

n x)an

I called orthonormal expansion of x (in the orthonormal basis)
I to verify formula, take inner product of both sides with ai
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