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Vector addition

I n-vectors a and b can be added, with sum denoted a + b

I to get sum, add corresponding entries:
266664

0
7
3

377775
+
266664

1
2
0

377775
=
266664

1
9
3

377775
I subtraction is similar

Introduction to Applied Linear Algebra Boyd & Vandenberghe 1.12



Properties of vector addition

I commutative: a + b = b + a

I associative: (a + b) + c = a + (b + c)
(so we can write both as a + b + c)

I a + 0 = 0 + a = a

I a � a = 0

these are easy and boring to verify
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Adding displacements

if 3-vectors a and b are displacements, a + b is the sum displacement

a

ba + b
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Displacement from one point to another

displacement from point q to point p is p � q

p � q
p

q
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Scalar-vector multiplication

I scalar V and n-vector a can be multiplied

Va = (Va1, . . . , Van)

I also denoted aV

I example:

(�2)
266664
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377775
=
266664
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�18
�12

377775
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Properties of scalar-vector multiplication

I associative: (VW)a = V(Wa)
I left distributive: (V + W)a = Va + Wa

I right distributive: V(a + b) = Va + Vb

these equations look innocent, but be sure you understand them perfectly
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Linear combinations

I for vectors a1, . . . , am and scalars V1, . . . , Vm,

V1a1 + · · · + Vmam

is a linear combination of the vectors
I V1, . . . , Vm are the coefficients
I a very important concept
I a simple identity: for any n-vector b,

b = b1e1 + · · · + bnen
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Example

two vectors a1 and a2, and linear combination b = 0.75a1 + 1.5a2

a1

a2

0.75a1

1.5a2
b
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Replicating a cash flow

I c1 = (1,�1.1, 0) is a $1 loan from period 1 to 2 with 10% interest
I c2 = (0, 1,�1.1) is a $1 loan from period 2 to 3 with 10% interest
I linear combination

d = c1 + 1.1c2 = (1, 0,�1.21)

is a two period loan with 10% compounded interest rate
I we have replicated a two period loan from two one period loans

Introduction to Applied Linear Algebra Boyd & Vandenberghe 1.20



Outline

Notation

Examples

Addition and scalar multiplication

Inner product

Complexity

Introduction to Applied Linear Algebra Boyd & Vandenberghe 1.21



Inner product

I inner product (or dot product) of n-vectors a and b is

aTb = a1b1 + a2b2 + · · · + anbn

I other notation used: ha, bi, ha|bi, (a, b), a · b

I example:

266664
�1

2
2

377775

T 266664
1
0

�3

377775
= (�1) (1) + (2) (0) + (2) (�3) = �7
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Properties of inner product

I aTb = bTa

I (Wa)Tb = W(aTb)

I (a + b)Tc = aTc + bTc

can combine these to get, for example,

(a + b)T (c + d) = aTc + aTd + bTc + bTd
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General examples

I eT
i a = ai (picks out ith entry)

I 1Ta = a1 + · · · + an (sum of entries)

I aTa = a2
1 + · · · + a2

n (sum of squares of entries)
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