LARSON-—MATH 310—Homework 13
SVD!

Show all your work.
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. Ais an m X n matrix. Find m and n and the rank r of A.

. Find AT A.

Check that the rank of AT A is the same as the rank r of A.

Find the eigenvalues of AT A. There will be r positive eigenvalues: o7,...,02.
(Arrange these so 07 > 02 > ... > d2).

Find the singular values o4, ..., 0,.

Find the corresponding eigenvectors for the r positive eigenvalues of AT A and nor-

malize them. Call these: v1,...,9,.
Check that your eigenvalue-eigenvector pairs work.

The eigenvectors corresponding to the 0-eigenvalues of AT A are a basis for the null
space of AT A. They might not be orthogonal. Use Gram-Schmidt to convert these
to an orthogonal (actually, orthonormal) basis for the null space of AT A. Call these

Up41y -+ -5 Un-

. What is an orthogonal matrix?

Let V = [Ul e Up vn], check that V is n x n, and show that V' is orthogonal.
For each i € {1,...,r}, find ||Av;]|.

Let > be the m x n matrix with the o;’s on the diagonal for ¢ = 1,...,r, and 0 for
every other entry. Find 3.

Find AAT.
Check that the rank of AA7T is the same as the rank r of A.
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Find the eigenvalues of AAT. Call the positive ones: o2, ..., 02

Find the corresponding eigenvectors for the eigenvalues of AAT and normalize them.
Call the eigenvectors corresponding to the r positive eigenvalues: u, ..., u,.

Check that your eigenvalue-eigenvector pairs work.

The eigenvectors corresponding to the O-eigenvalues of AAT are the null space of AAT.
We want an orthogonal basis. Find any basis and use Gram-Schmidt to convert these
to an orthogonal (actually, orthonormal) basis for the null space of AAT. Call these

Uraly---,Un.
Let U = [ul U .um], check that U is m x m, and show that U is orthogonal.

For each i = 1,...,r, show that Av; = o;u;.



